
Propositional Calculus - Truth Table

Logic Gate Terminology NOR inversion inversion ~XOR NAND equivalence implication implication tautology

p q contradiction non-implication non-implication non-equivalence AND XOR amplifier amplifier OR

1 1 F F F F F F F F T T T T T T T T

1 0 F F F F T T T T F F F F T T T T

0 1 F F T T F F T T F F T T F F T T

0 0 F T F T F T F T F T F T F T F T

OR function ~<p v ~p> ~<p v ~q> ~<~p v q> ~<p v ~q> v ~<~p v q> ~<~p v ~q> q v q p v p <p v q>

~<p v q> ~p ~q <~p v ~q> ~<~p v ~q> v ~<p v q> <~p v q> <p v ~q> <p v ~p>

Conditional function (1) ~<~p  ~p> ~<~p  ~q> ~<p q> <p q> ~<~p q> ~<p  ~q> <~q  q> <~p  p>  <~p q>
Implication rule ~<~p  q> <p  ~p> <q  ~q> <p  ~q> <p ~q> ~<~p q> <p q> <~p ~q> <~p ~p>
Conditional function (2) ~<p p> ~<q p> ~<~q ~p> <~p q> ~<p q> ~<q ~p> (same) (same)  <~q p>
Transposition rule ~<~q p> (same) (same) <q ~p> <~p q> ~<p q> <~q ~p> <q p> <p p>
AND function <~p & p> <~p & q> <p & ~q> ~<p & q> & ~<~p & ~q> <p & q> <q & q> <p & p> ~<~p & ~q>

(de Morgan's rule) <~p & ~q> ~<p & p> ~<q & q> ~<p & q> ~<p & ~q> & ~<~p & q> ~<p & ~q> ~<~p & q> ~<~p & p>

Equivalence function p  <p p> ~p  <~p q> p  <p q> <p  ~q> p  <p q> q  <q q> p  <p p> ~<~p  <~p q>>
(exclusive OR) ~p  <~p q> ~<p  <p p>> ~<q  <q q>> ~<p  <p q>> <p  q> ~<p  <p q>> ~<~p  <~p q>> ~<~p  <~p q>>
Equivalence function <p & ~q> v <~p & q> <p & q> v <~p & ~q>

NAND function ~<~pIp> ~<~pIq> ~<pI~q> ~<<pIq>I<~pI~q>> ~<pIq> ~<qIq> ~<pIp> <~pI~q>

(Sheffer's rule) ~<~pI~q> <pIp> <qIq> <pIq> <pIq>I<~pI~q> <pI~q> <~pIq> <~pIp>

NOR function <p ~p> <p ~q> <~p q> <p  q> <~p ~q> <~p ~q> <~q ~q> <~p ~p> ~<pq>

(Joint denial) <p q> <p p> <q q> ~<~p ~q> ~<<p  q> <~p ~q>> ~<~p q> ~<p ~q> ~<p ~p>

Symbols of Propositional Calculus Axioms

Symbol Term 1st. Meaning 2nd. Meaning Logic Gate

~ negation not not <p v  p>p 1st axiom of propositional calculus

& conjunction and and pp v q> 2nd axiom of propositional calculus

v disjunction or (from Latin vel) (inclusive) or <p v q>q v p> 3rd axiom of propositional calculus

I incompatible at least one is false cannot both be true nand <p q>  <<r v p>  <r v q>> 4th axiom of propositional calculus
 joint denial both false neither is true nor and worthy of special mention

 biconditional if and only if both true or both false exclusive or <p v  ~p> Tertium-non-datur  - the excluded middle even if p is indeterminate .

 conditional  if-then p implies q implication

Rules of Propositional Calculus Proofs

Joining Rule If p and q are theorems then <p & q> is a theorem. <<p  q> & <q  r>>  (p  r) Proof by hypothetical syllogism                (if p implies q and q implies r then p implies r)

Separation Rule If <p & q> is a theorem then both p and q are theorems <<p v q> & ~q > p Proof by disjunctive syllogism                 (If either p or q true but q false then p must be true)

Double tilde rule ~~ can be deleted or inserted into any theorem (providing it is well-formed) <p v q> & <p v ~q> = p This is an expanded version of proof by disjunctive syllogism

Deduction Rule If q can be derived when p is assumed then <p  q> is a theorem (a fantasy ). <p & <p q>> q Proof by indirect reasoning Modus ponens (if p then q but p is true so q must be true)

Detachment Rule If p and <pq> are both theorems, then q is a theorem - the modus ponens <<p q> & ~q> p Proof by detachment Modus tollens            (if p then q but if q is false then so must p)

(or Derivation Rule) Deduction and Detachment are complementary <<~p q> & <~p ~q>> p Proof by contradiction Reductio ad absurdum . (If ~p leads to a contradiction, p must be true)

Carry-over Rule Inside a fantasy, any theorem from the reality one level higher can be used. <<p v q> & <<p r> & <q r>>> r Proof by cases.               (if either p or q is true and either imply r, then r must also be  true)

Implication Rule <p v q> and <~pq> are interchangeable.(Hofstadter terms the Switcheroo)
Transposition Rule <p  q> and <~qp> are interchangeable.(Hofstadter terms Contrapositive)
de Morgan's Rule <~p & ~q> and ~<p v q> are interchangeable
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