l Further Differentiation I

dldx lne X

Our only axiom is /4 e* = e*which
is easily established from say the
Taylor series for e*

Let x = ¢’

define In x = In &’

Inx=yln. e

soy =Inx

Now as x = ¢’

then */y, = ¢

so¥,=1/¢

so ¥, ="/

so we establish

¥ Inx=1/x

g X"

The task is to derive this without
using the power rule.

Lety = X"

solny =Inx"

solny=nlnx

so Y4, =n

Yge(In x) ="/, (1]

But we could also differentiate using

the chain rule.

Yy ={ 1/x"} g X" (2]
because y = x" but we don’t yet
know what ¥4 x" is

But now we just equate @ and @
Ve ={ /X" } Yy X"

Vg X" = X" % "/,
Therefore 94, x" = n x"!

So although the consistency of
maths requires this result it is
nevertheless surprising how this
expression can be so easily derived
when the usual method is tedious

manipulation of the binomial

theorem.

9, k* where k = constant

Lety =k*solny=xInk
', Y4 = Ink

Y4 = k* In k
Alternative method

Iny =xInksox="",
s0 ™4y = '

so Y4 =ylInk

¥/, = k* In k as before



dl dx k_x

Lety = k™
Iny = —xIn k
I/y dy/dx =—Ink

Y4 = —k* In k

af. K1)
Lety = k™

Letiny = ('/) Ink
Therefore '/, ¥/4 = —"¥/,
dy/dx - _k(llx) In klxz

which is not particularly neat

df . K1)

Lety = k-

Letiny =—('1) Ink
Therefore '/, /4 = "¥/,e
dyj = 1) kg

which at least has symmetry

'e

Lety = k'™

Let Iny = In x*

Iny =xInx

', Mg = x('h)+ Inx
Y=y (1 +Inx)

W= x*(1 +Inx)

d Idx x—x

Let Iny = —x In x
', Vg = —x (') — In x

Y= —(x) (1 +Inx)

dldx xl/x

y - XI/x

Iny=('%,) Inx

I/y dy/dx = (_I/XZ) In x + I/ X2

1 ¥ = (1) (1= Inx)
M= x"™ (1) (1 —Inx)

d Idx x—l Ix

— —l/x
)’—X

Iny = (") Inx

", Mg = (Ne) Inx="1

L = (1) (Inx = 1)
W= (1) (Inx— 1)

d ldx (xx )x

y = ()
Iny =x?In x
(') Y4 ="+ 2x In x

g = () (x + 2x In x)

o rg
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Y
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so¥,=1/¢
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Yo )’/dx = /x
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theorem.
¥ Inx=1/x
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4 X"

Lety =k*solny=xInk
I/y d)’/dxz In k

Y4 = k* In k

The task is to derive this without
using the power rule.

Lety = X"

] Alternative method
solny =Inx

Iny =xInksox=""
solny=nlnx

dx/  — |
dj  — SO X/dy_ /ylnk
so Y4 =n

Y =y Ink
Yullnx) =", O %0 e Ty N

Y4 = k* In k as before
. . . d
But we could also differentiate using 8

the chain rule.



d Idx k—x

Lety = k™
Iny =—xIn k
I/y dy/dx =—Ink

Y4 = —k* In k

af K1)
Lety = k(%

Letiny = ('/) Ink
Therefore '/, ¥/4 = —"¥/,
dy/dx - _k(llx) In klxz

which is not particularly neat

df . K1)

Lety = k™

Letiny =—('1) Ink
Therefore '/, Y14 = "¥/,e
dyj = 1) kg

which at least has symmetry

e

Lety = k'™

Let Iny = In x*

Iny =xInx

', Y= x('h)+ Inx
Y=y (1 +Inx)

W= x*(1 +Inx)

d Idx x—x

Let Iny = —x In x
', Vg = —x (') Inx

V= —(x) (1 +Inx)

dldx xl/x

y - XI/x

Iny=('%,) Inx

I/y dy/dx = (_I/XZ) In x + I/ X2

1 ¥ = (1) (1= Inx)
M= x"™ (1) (1—Inx)

d Idx x—l Ix

— —l/x
)’—X

Iny = (") Inx

", Mg = (Ne) Inx="1
= (1) (Inx— 1)
W= (1) (Inx— 1)

d ldx (xx )x

y = (X
Iny =x?In x
(') Y4 ="+ 2x In x

g = () (x + 2x In x)

O rg



