
Vectors Sin/Cos Rule 

Prior knowledge 
Let vectors be written v and w 
i and j are orthogonal unit vectors 
in the direction of x-axis and y-axis. 
Vector v is defined = v1i + v2 j 
v1 and v2 are SCALAR quantities 
v having magnitude and direction. 
The magnitude of v is written 
   v  = √( v1 + v2 ) 
and the direction  is tan1 ( v2 / v1 ) 

Vectors obey the commutative law 
of addition  v + w = w + v 
Multiplication 
There are two types. 

1) Scalar (dot) product 
v  w =  v   w  cos   
Multiplying out gives 
v  w = v1w1 + v2w2  in 2D and 
v  w = v1w1 + v2w2 + v1w2  in 3D  
cos  = v  w /  v   w  from above. 
If vectors are orthogonal v  w = 0 
The dot product with itself is  
v  v =  v  ² or v ² as cos 0˚= 1 
Commutative v  w = w  v 

2) Vector ( cross ) product 
v × w =  v   w  sin u 
where u is the unit vector 
perpendicular to both v and w - 
right hand corkscrew rule. 
Anti-commutativev × w =  w × v 
The cross product only exists in 3, 
7, 15 … dimensions ( ie 2n  1 ) for 
n  N  

 

Proof of Cosine Rule using Vectors 

In a vector triangle let c = a  b 
Multiply each side by itself 
So  c  c = ( a  b )  ( a  b ) 
 c  c = a  a + b  b  2 a  b  
Now remembering the dot product 
of a vector with itself we get 
 c² = a² + b²  2  a   b  cos 
  c² = a² + b²  2 a b cos 

Proof of Sine Rule using Vectors 

In a vector triangle  a + b + c = 0 
c/sin C = b / sin B = a / sin A 
Multiply through by vector a 
a × a + a × b + a × c = 0 
Now the cross product of a vector 
with itself is 0 as sin 0˚ = 0 
so we have a × b = c × a 
remembering to reverse the sign as 
cross product is anti-commutative. 
So by symmetry we can determine 
   a × b  =   b × c   =  c × a 
So  a × b  =  b × c  =  c × a  
a b sin C = b c sin A = c a sin B 
Dividing through by a b c and taking 
reciprocal 
 a / sin A = b / sin B = c / sin C 

Summary 
Other than deducing the volume of 
parallelepiped and tetrahedrons 
vectors are incredibly powerful 
when it comes to proving say that 
three points lie in a straight or two 
lines are parallel. 

 Robert Goodhand
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